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Abstract 
A whist tournament Wh(v) for v players is a special type of resolvable (v,4,3)-BIBD; the 
blocks represent four players, each block having two 'partner pairs' and four 'opponent pairs,' 
with every one of the ( ; )  possible pairs occurring once among the former and twice among the 
latter. For v=4n (and v=4n+ 1), n a positive integer, a Wh(v) is known to exist. We consider 
Wh (v) that are Z-cyclic, that is, having players represented by residues modulo N (depending on 
v, with an additional symbol oc when t" =4n) and all rounds obtained by successively addin~g 
l(modN) to symbols from the initial round. We give constructions for Z-cyclic Wh(z:) Ibr 
~,=q2~, k>l ,  and for v=q 2"+j + 1, m>0, where q_=3(mod4), q~>7, is a prime. We shove 
inductively that whenever a special Z-cyclic Wh (q2) exists (and, in the second case, a Z-cyclic 
Wh (q + 1) exists), tournaments for all such v also exist. Additional infinite families arise when 
these constructions are combined with others in the literature. @ 1999 Elsevier Science B.V. 
All rights reserved 
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I. Introduction 
A whist tournament for v players is a resolvable (v,4,3)-BIBD in which a given 
block (A ,B ,C ,D)  represents a game in which {A,C}  is a pair of partners opposing 
the partner pair {B,D},  subject o the conditions that each player partners every other 
player exactly once, and opposes every other player exactly twice. Such tournaments, 
denoted by Wh(v),  are known to exist for all v -0  or 1 (mod4), v>~4. For a recent 
survey concerning whist tournaments, including references for these results, see [1]. 
We study a special type of whist tournament for which the existence question is far 
from being settled. 
A whist tournament Wh(v)  is said to be Z-cyclic if the rounds of the tournament 
can be developed from an initial round by 'adding 1 modN'  in the following sense: 
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(a) When v = 0(mod4), let N = v -  1 and let players be represented by elements 
of ZN U {oc}, and by convention let the initial round be that in which {0, oc} is a 
partnership and let 1 + oc = oc. (b) When v = 1 (mod4), let N = v, and by convention 
let the initial round be that in which player 0 does not play. Two examples useful in 
the sequel illustrate the ideas mentioned in (a) and (b), respectively. 
Example 1.1. Wh(8); 8 =q + 1 for q= 7. Initial round tables: 
(~,4,0,5) ,  (1,2,3,6). 
Example 1.2. Wh (49); 49 = q2 for q = 7. Initial round tables: 
(1,24,48,25), (2, 3,47,46), 
(22, 11,27,38), (6,8,43,41), 
(16, 13, 33, 36), (4, 14,45, 35), 
(5, 12,44,37), (21,9,28,40), 
(23, 17,26, 32), (15, 19,34, 30), 
(10, 18,39,31), (7,20,42,29). 
In what follows, let q, ql, q2 denote primes of the form 4k + 3, k ~> 1, and P denotes 
a product (possibly empty) in which every prime factor is of the form 4k ÷ 1. We 
wish to consider the following results. 
Theorem A (Anderson and Finizio [3]). Let q =--3 (mod 4), q ~> 7 be a prime. I f  there 
exists a Z-cyclic Wh (q + 1 ) then there exists a Z-cyclic Wh (qP + 1 ). 
Theorem B (Anderson et al. [4]). Let ql,q2 be distinct primes, qi = 3 (mod4), qi>.7. 
Suppose that a Z-cyclic Wh(ql + 1) and a Z-cyclic Wh(q22) exist. Then there exists 
a Z-cyclic Wh(q~q~P + 1). 
Theorem C (Finizio [8]). Let ql,q2 be distinct primes, qi =- 3 (mod4), qi ~>7. I f  there 
exist Z-cyclic Wh(q2), i=  1,2, then there exists a Z-cyclic Wh(q~q2p). 
Theorem D (Finizio [7]). Let q=3(mod4) ,  q>~7 be a prime. I f  there exists a Z- 
cyclic Wh(q2), then there exists a Z-cyclic Wh(q2p). 
The applicability of these results is limited by present knowledge about the existence 
of Wh (q + 1 ) and Wh (q2) for q/> 7. 
Generalizations of Theorems B and C have recently been obtained [8], and similar 
arguments yield corresponding generalizations of Theorems A and D. The more gen- 
eral results depend upon the existence of Z-cyclicWh (q2k), k > 1, and/or of Z-cyclic 
Wh (q2m+l + 1), m > 0. No examples of tournaments of either sort have previously been 
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known. The purpose of the present paper is to prove the existence of these tournaments, 
subject to the availability of the requisite Wh(q 2) and Wh (q + 1). 
After developing the building blocks for the inductive extensions of the basic tour- 
naments Wh (q2) and Wh (q + 1) in Section 2, we prove the following two results in 
Section 3. Both results refer to ZCPS-Wh(q2); these are Z-cyclic whist tournaments 
based on the 'patterned starter' rood qZ, in the sense that each partner pair in the initial 
round consists of an element and its additive inverse. Thus, tables for the first round 
of such a tournament have the special form (X, Y, -X,  Y). 
Theorem 1. I f  there is" a ZCPS-Wh(q2), then there is a Z-cyclic Wh (q2~) /'or each 
k>~l. 
Theorem 2. I f  there is a ZCPS-Wh (q2) and a Z-cyclic Wh (q + 1 ), then there is a 
Z-cyclic Wh(q 2 .... I + 1 ) fo r  each m>~l. 
In Section 4 we gather remarks placing the present investigation in context with 
others and present data and illustrations for the constructions. For completeness, we 
include the generalizations of Theorems A-D in Section 5. 
2. Basis of the inductive construction 
The material in this section is based on the use of starters in the construction of whist 
tournaments. See [2, Section 9.2] and [1] for the basic definitions and for illustrative 
applications to whist tournament constructions. 
Let q be prime, q~3(mod4)  and q~>7. For each integer n>~l, we construct wo 
linked starters in Zq,,. For n fixed, let U,, denote the group of units in the ring Z,z,., R,, 
the subgroup of index 2 consisting of the squares in U,,, and N,, the complement of 
R,, in U,,. (The subscripts for n = 1 are suppressed in what follows.) Note that, for an 
integer C, (the residue class of) C is in U (respectively R,N) if and only if it is in 
U,, (respectively R,,,N,~) for all n/>1. 
The construction makes use of two suitable Mull in-Nemeth starters for n = 1. For 
a~ N, the set T, = {{x, ax} [x ER} is a starter in Zq. We require two such starters T,, 
and T/, that satisfy the following conditions: 
(i) the pair sums (1 + a)x and (1 + b)x together comprise all elements of U, and 
(ii) the differences (1 -a )x  and (b -  1)x together comprise all elements of U. 
Example. When q = 7, the starters formed with a = 3 and b = 5 meet these conditions. 
For T, = {{1,3},{2,6},{4,5}} has pair sums 4, 1, 2 and indicated differences 5, 3, 6, 
while T~, = {{ 1,5}, {2, 3}{4, 6} } has pair sums 6, 5, 3 and indicated differences 4, 1, 2. 
For q~>7, the existence of such a pair of  starters is guaranteed by the following 
result. 
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Lemma 1. For q prime, q ~ 3 (mod4), q>~7, there are elements a,b E N, a ~ b, such 
that a ,b¢  - 1, (a+ 1) (b+ 1)EN and(a -  1) (b -  1)ER. 
Proof. Let a E N, a ~ - 1, be given. The conditions to be met require the existence 
of an integer b with the quadratic characters of b - 1, b and b + 1 prescribed. By a 
standard character sum argument (see [5, pp. 133ff.] for a similar example) the number 
x(a) of  suitable b's is given exactly by 
1 {q-3+2)° (1+(~) )}  , ~(a)  = 
where 2= + 1 or -1  accordingly as a -  1 ER or a - -  1EN,  and where (2 /q)= 1 or 
- 1 accordingly as 2 E R or 2 E N. 
For q----3 (mod 8), we have (2 /q)= - 1 so that x (a )= (q -  3)/8, and this is positive 
for all such primes q/> 11. 
For q _= 7 (mod 8), we have (2/q) = 1 so that ~c(a) = (q ÷ 1 )/8 if 2 = 1 and x(a) = 
(q - 7)/8 if 2 = - 1. For all such primes exceeding 7 both possibilities for to(a) are 
positive. For q=7,  requiring aEN,  a¢  - 1 means a=3 or a=5;  in each case 
a - 1 E R, giving 2 = I and K(a) = 1. Finally, the argument guarantees a ¢ b because 
it requires (a + 1) (b+ 1)EN.  [] 
Remark. A pair a, b satisfying the conditions et out in Lemma 1 supplies a pair To, Tb 
of  suitable starters since - 1 E N for primes q = 3 (mod 4). 
The starters To and Tb for Zq can be extended to Zq, by following a recipe found 
in Theorem 1 of [9], where strong starters for non-elementary groups of prime power 
order were first presented. 
For aEN and n~>l, consider the set Ta, n=Uo<~i<~n_l{qi{x, ax}[xERn_i} 
where, for i fixed, O<~i<<,n- 1, x runs through all elements of R,_i. This is a strong 
starter for Zu,, constructed by beginning with Ta in Zq and applying the argument 
for the result cited above to expand from Zq to Zq, through each successive Zq,. 
The features of  these starters needed for our construction are summarized in the next 
result. 
Lemma 2. For q prime, q = 3 (mod4), q~>7, and for n >1 1, there exist a,b E N such 
that the starters To, n and Tb, n satisfy 
(i) the pair sums qi(1 + a)x and qi(1 + b)x from Ta, n and Tb, n comprise all nonzero 
elements of Zq,, and 
(ii) the differences qi(1 -a )x  and qi (b-  1)x from Ta,, and Th,, comprise all nonzero 
elements of Zq°. 
Proof. Let a and b be chosen to satisfy the conditions of  Lemma 1. Note that Zq,\{0} 
is the disjoint union of  the sets qiUn_i, O<~i<~n- 1. We have a, bENn_i for every 
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n and i, and 'the lifting' via qi means that the elements of U,,_~ are covered ap- 
propriately by the pair sums and the differences indicated in the statement of this 
result. [] 
3. Main results 
In this section we use the method of differences [2] to establish the results referred 
to in Section 1. A few preliminaries are required. 
We associate with each pair from the set T,.,, U T~,,,, described in Section 2 an ordered 
pair given by 
= [ (qix, qiax) for qi(x, ax) ~_ T~ ..... 
(~.s) ( (qibx, qix) for qi(x, bx) ~_ Th .... 
Our main results can now be established. 
Theorem 1. Suppose q =- 3 (mod 4) is a prime and q >~ 7. I f  there is a ZCPS-Wh (q2), 
then there is a Z-eyclie Wh (q2k) for each k >~1. 
Proof. The case k = 1 is included in the hypotheses. We proceed inductively. Assume 
that a Z-cyclic Wh(q 2h) exists. Tables for a Z-cyclic Wh(q 2(k+1)) arise in two ways 
(i) For each table (A,B, C,D) in the assumed Z-cyclic Wh (q2k), form the new table 
(q2A, q2B, q2C, q2D). 
The tables formed in this way account (in terms of players, partner difference,; 
and opponent differences) for those elements of Zq~.,÷~, represented by integer,'; 
z, 0~<z~<q 2(~+tl - 1, with q2 dividing z. 
(ii) Let (X, Y , -X , -Y )  denote a table from the assumed ZCPS-Wh(q2). Retain this 
table as part of the Z-cyclic Wh(q 21k+l)) under construction; it appears there as 
(X, y, q2 _X ,  q2 _ y). Form new tables by considering, for each ordered pair (r, sl 
arising from T,,2k U T/~,2k, the table 
(X + rq 2, Y + sq 2, (q2 _ X)  - rq 2, (q2 _ y)  _ sq2). 
The number of tables formed under (i) is (q2~ 1 )/4. From (ii), each of the (q2_ 1 )/a 
tables from the initial round of the ZCPS-Wh(q 2) gives rise to 1 + (q2k _ l)=q2~ 
tables of the tournament under construction. The number of tables at hand is therefore 
(q2~k+l)_ 1)/4, as required for the initial round of a Z-cyclic Wh (q2(k÷l I). It remains 
to verify that the appropriate conditions on players, partner differences and opponent 
differences, are satisfied. 
We shall content ourselves with showing that each possible 'partner difference' rep-- 
resented by an integer z, 0 ~<z ~<q2k+2 | and not divisible by q2, is represented exactly 
once in the tables from (ii) of the initial round. 
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Partner differences from tables (A,B, C,D) occurring in (ii) are of the forms 
±(A-C)=±{2X+(2r -1 )q  2} 
and 
±(B-  D)=± {2Y +(2s -  1)q2}. 
Considering z as above modulo q2, z determines uniquely both a choice from {X, Y} 
and a sign, so that z=±{2Z+~q2},  with 7=2r -  1 if Z=X and 7=2s-  1 if 
Z= Y. Recall that the (r,s) are the ordered pairs arising from T,,2k U Tb,2~, together 
with ( r ,s )= (0,0) for the retained table from (ii). Thus 7 takes on q2k distinct values 
modulo q2k, so that z arises precisely once as a partner difference. Each possible 
opponent difference arises twice by a parallel argument. The occurrence in the initial 
round of each player (excluding player 0) is established in a similar manner. [] 
The proof of our second main result is quite similar to that of the first. 
Theorem 2. Suppose q-3  (rood4) is a prime and q>~7. I f  there is a ZCPS-Wh(q 2) 
and a Z-cyclic Wh(q + 1), then there is a Z-cyclic Wh(q 2m+L + 1)for  each m>~ 1. 
Proof. The case m = 0 is included in the hypotheses. Again we proceed inductively. 
Assume that a Z-cyclic Wh(q 2m+l + 1) exists. Tables for the desired Wh(q 2m+3 + 1) 
are constructed according to (i) and (ii) as in the previous proof. Regarding (i) note 
that the first round table in which cxD and 0 play as partners appears also at the next 
level. In carrying out (ii), note that in this case the ordered pairs (r,s) are associated 
with T,.2,,+l U T&2m+l. 
The number of tables constructed in this way is (q2m+l + 1)/4 from (i), plus 
q2m+|. (q2 _ 1)/4 from (ii) giving the number required for the first round of 
a Z-cyclic Wh (q2m+3 + 1 ), namely, (q2m+3 + 1)/4. 
Verification of the remaining details is exactly as in the previous case. [] 
4. Context and examples 
Because the preceding two results are conditional, it is important o summarize 
what is known about the existence of the tournaments assumed in their hypotheses. 
A method for constructing ZCPS-Wh(q 2) was presented in [10]. Examples, and indi- 
cation of the relative abundance of such tournaments, were given there for 7 ~< q~< 31. 
The existence of these tournaments has since been verified for all q < 500 by a com- 
bination of backtracking and hill-climbing techniques. Regarding Z-cyclic Wh (q + 1), 
existence has been verified for 7~<q~<59. See [1,6] for these results. For each prime q 
for which the appropriate verifications have been carried out, the results of the present 
paper provide new infinite families of Z-cyclic whist tournaments. 
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We conclude this section with examples and data related to the constructions given 
in this paper. 
Example 4.1 (Construction details,/br Wh (74)). It is perhaps helpful to illustrate the 
ideas in the proof of Theorem 1 for the Z-cyclic Wh(74) arising from our con- 
struction, using Example 1.2 as a starting point, and taking a = 3, b = 5. Suppose, 
we wish to locate the occurrence together in this tournament of players represented 
by residues E=931 and F=l l15modulo2401.  E -F~2217(mod2401) ,  so that 
E -F~12(mod49) ,  and F -E_  =184(mod2401), so that F E~37(mod49) .  Fo:~" 
the values of X and Y in Example 1.2, E -F -  2X for X = 6: thus we look among the 
tables that are developed from (6, 8, 43, 41). The partner difference we seek occurs 
in the initial round table (1133, 988, 1317, 1462) formed by using the ordered pair 
(r, s) = (23, 20) from I"3,2. (Note that 1133- 1317 _= 2217 (rood 2401 ), 1133 -- 6+23.49, 
and 988 = 8+20.49.)  Players E and F oppose one another as players A and B, respec- 
tively, in the round formed by adding 2199 (rood2401) to initial round table entries. 
Example 4.2 (Construction details Jor Wh (73 + 1)). Note that the conditions; 
required for a and b are symmetric. We illustrate Theorem 2 for the construction 
of a Z-cyclic Wh (73 + 1) based on Examples 1.1 and 1.2, together with the choice 
a=5,  b=3.  
The two tables from Example 1.1 contribute the tables (~,  196, 0,245) and (49, 98 
147,294) to the initial round of a z-cyclic Wh(344). The role of the tables in Example 
1.2 is illustrated by considering (1, 24, 48, 25). This is retained as is; the ordered pairs. 
(1, 5), (2, 3) and (4, 6) from Es.l give rise to tables (50, 269, 342, 123), (99. 171. 
249, 221) and (197, 318, 195, 74), respectively; the ordered pairs (3, 1), (6, 2), (5, 4) 
from T~,I give rise to tables (148, 73, 244, 319), (295, 122, 97, 270) and (246, 220. 
146, 172), respectively. The remaining tables of Example 1.2 contribute in the same 
manner. 
Remark 4.3 (At,ailabilio, of ZCPS-Wh (q2~)). The proof of Theorem 1 indicated thal 
each table (X, Y , -X , -Y )  from the assumed ZCPS-Wh(q 2) should be retained intact. 
as (X, y, q2 _X,  q2 _ y), in the inductive part of the argument. If, on the other hand, 
each of these tables is used at each step with -X , -Y  interpreted as the additive 
inverses of X and Y, respectively, then the construction of Theorem 1 will lead to 
a ZCPS-Wh (q2~) for every integer k ~> 1. 
Remark 4.4 (Data concerning eligible pairs {a,b}). In the following table are found 
data concerning pairs {a,b} for the first two dozen primes q for the constructions 
discussed in this paper. For each q, a is the least primitive root modulo q, and b is 
the first value among the odd powers of a for which {a,b} is an eligible pair; the 
exponent ind~,b is given, included also are n, the number of eligible pairs {a,b} and 
~q2/32~, which is the approximate number of pairs to be expected according to the 
count in the proof of Lemma 1. 
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q 
7 
11 
19 
23 
31 
43 
47 
59 
67 
71 
79 
83 
a b 
3 5 
2 6 
2 8 
5 L( 
3 )~ 
3 ,)7 
5 ~7 
2 t( 
2 5] 
7 5] 
312q 
ind,~b 
3 
9 
3 
3 
5 
3 
L~ 
7 
7 
5 
3 
7 
72 
1 
2 
8 
13 
2~ 
5C 
61 
9~ 
L2 
L4 
t8 
Lq2/32j 
1 
3 
11 
16 
30 
57 
69 
108 
140 
157 
195 
215 
q 
103 
107 
127 
131 
139 
151 
163 
167 
179 
191 
199 
211 
a 
5 
2 
3 
2 
2 
6 
2 
5 
2 
19 
3 
2 
b indab n [q2/32] 
35 5 313 331 
31 27 338 
27 3 481 
92 25 512 
8 3 578 
75 5 685 
23 9 800 
45 23 841 
32 5 968 
37 15 1105 
197 7 1201 
149 11 1352 
357 
504 
536 
603 
712 
830 
871 
1001 
1140 
1237 
1391 
5. Additional families of tournaments 
Each of the main results of this paper gives rise directly to some infinite families of 
Z-cyclic whist tournaments. These results also yield infinite families by meeting condi- 
tions in the following generalizations of Theorems A-D from Section 1. Theorems W 
and C' are from [8]; the other two theorems can be obtained using similar arguments. 
P has the same meaning here as in Section 1. 
Theorem A'. Let q- -3(mod4) ,  q>~7, be a prime. I f  there exists a Z-cyclic 
Wh(q 2m+l + 1), m>~0, then there exists a Z-cyclic Wh(q2m+lP + 1). 
Theorem B'. Let ql,q2 be distinct primes, q i -3 (mod4) ,  qi>/7. Suppose that a 
Z-cyclic Wh(q~ m+l q- l ) ,  m/>0, and a Z-cyclic Wh(qzZk), k>~l, exist. Then there 
1~,~ _2m+l _2ko exists a Z-cyclic wn(ql q2 1-+ 1). 
Theorem C'. Let ql, q2 be distinct primes, qi = 3 (mod 4), qi ~ 7. I f  Z-cyclic Wh (q~k), 
k~ l ,  and Z-cyclic Wh(-21), l>~1, both exist, then there exists a Z-cyclic "I2 
Wh(q~kq2lp). 
Theorem D'. Let q-  3 (mod 4), q ~>7, be a prime. I f  there exists a Z-cyclic Wh (q2k), 
k >~ 1, then there exists a Z-cyclic Wh (q2kp). 
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